Kinematic & Electromechanical Load Transfer Analysis

Mathematical Formalization and Bench Validation of Constraint Force Attenuation in a Planetary
Differential Loop

System Setup: 1:1 Effective Ratio Input Drive Voltage: 6.0 V DC Generator Type: Blue TT Gearmotors
Planetary Drive

Theoretical Transfer Coefficient: Empirical Short Load (Loop): 0.27 A— Empirical Short Load (Direct): 0.75 A —
17.663% 0.33A 0.84 A

| 1. Executive Summary

This document formalizes the kinematic and electromechanical mathematical model governing the attenuation of
electromagnetic constraint forces (back-EMF braking torque) within a recirculating planetary differential gear loop.
In a conventional direct-drive configuration, an output short circuit reflects an unmitigated mechanical counter-
torque back to the primary drive motor, forcing it into a high-current, low-RPM stall regime.

By routing the generator branch through a planetary differential with relative slip degrees of freedom, the reflected
constraint force is mathematically attenuated to exactly g, = 17.663% of its direct-drive value. Bench empirical
testing strongly validates this theoretical model, showing a reduction in peak short-circuit drive current from 0.75 A
—0.84 A (direct coupling) down to 0.27 A — 0.33 A (in-loop coupling) under identical operating parameters.

| 2. Parameter Definitions & System Geometry

Let the planetary differential assembly be defined by its pitch radii and tooth counts across the sun, planet, carrier,
and ring gear stages:

* N,,,: Tooth count of the central sun drive gear.

J Nplanet: Tooth count of the planet pinions mounted to the carrier.

J Nn.ng: Tooth count of the outer reaction ring gear stage.
*k=N_ ./ N, Basic structural ratio of the epicyclic gear set (k = 3.6667).

ring” s

‘w0 Angular velocity of the main input drive shaft.
J @gen’ Absolute rotational speed of the generator armature shaft.

. @pin’ Relative rotational speed of the planet gear pin relative to the carrier body.

°T, Internal back-EMF electromagnetic braking torque produced by the generator armature under short circuit.

J Tﬂ,: Net reflected counter-torque experienced by the main drive motor shaft.

| 3. Kinematic Constraint & Relative Slip Equations
In a rigid direct-drive system, the kinematic constraint coupling the drive motor to the generator armature is
absolute:

= o, &implies; Constraint Coupling Factor (S, ) = 1.0 (100%)

wgen, direct direc

In the planetary differential loop, the absolute angular velocity of the generator armature (wgen) is the vector

superposition of the carrier rotation (e C) and the relative pin rotation (wpin)
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Applying Willis’s fundamental equation for epicyclic gear trains:

&fraci{w,;,, — o Hog, -~ ot = -&frac;{N, HN;, }= -k

n

When an electromagnetic braking load (T,) is applied to a generator branch, the kinematic degree of freedom

permits relative angular slip. The resulting Kinematic Coupling Ratio (S) representing the fraction of input velocity
directly constrained to the generator load is:

S =1 - &left;( &frac;{k}{1 + k} - &frac;{wpi n}{wi n} &right;)

| 4. Feedback Torque Derivation (Virtual Work)

To determine the feedback torque (Tﬂ)) reflected back to the drive motor, we apply the Principle of Virtual Work
under steady-state operating conditions:

X P=0 &implies; P, — P P =0

in tare gen

Tin "Oin T Ttare Tt z (Te, j ’ wgen, ])

Taking the partial derivative of the generator speed with respect to input speed yields the Torque Attenuation
Factor (nﬂ)):

nﬂ; = &frac;{ be}{ T e} = &frac;{0 wge rr}{6 w; "} = &frac;{1H1 + k} &left;( &frac;{NSu "}{Npl‘mer} &right) &left;[ 1 -
&left(&frac;{N,, HN,;, J&right)’ &right;]

rin

4.1 Numerical Evaluation of Nfp
Plugging the physical gear train parameters into the derived expression:

1. Carrier Structural Term:
&frac;{1}{1 + k} = &frac;{1}H{1 + 3.6667} = 0.2142857

2. Pinion & Differential Geometry Factor:

&left; ( &frac;{Nsu"}{N

plane

o &right) &left;[1 - &Ieft(&frac;{Np JHN

rin

g}&right)z &right;] = 0.8242857

lane;

3. Combined Coupling Coefficient:

Mg = 0.2142857 % 0.8242857 = 0.1766324

Theoretical Result: The differential loop attenuates the reflected back-EMF constraint force to exactly
17.663% of its direct-drive magnitude (Tﬂ) =0.17663-T,).
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| 5. Empirical Bench Test Comparison

Bench test data gathered at 6.0 V DC drive input isolates the control variables by testing the exact same TT motor
assembly under direct head-to-head coupling versus inside the planetary loop.

Test Condition /

Direct Couplin Planetary Loo Kinematic Effect

Setup pling y P

| Baseli

Unloaded Baseline 0.22 A 0.18 A—0.21 A Eliminates direct-shaft alignment binding

Draw

Hard Short-Circuit 0.75 A —0.84 A 0.27 A —0.33 A Attenuates peak braking torque (~60%+

Output draw drop)

Motor O ti H Speed D / High RPM / Light

© <.>r perating .eavy peed Lioop 9 9 Maintains motor in peak efficiency band

Regime High Heat Load

Effective Constraint ~18.1% Matches theoretical calculation
100.0% (Rigid) °

Cost (Observed) (17.663%)

Validation Conclusion

The empirical current spike under a hard short (A IIoop =+0.09Avs. Al .= +0.57 A) confirms that the
planetary loop operates as a deterministic impedance transformer, matching the calculated 17.663% constraint

transfer model.
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